Abstract. We consider random labelings of finite graphs conditioned on a small fixed number of peaks. We introduce a continuum framework where a combinatorial graph is associated with a metric graph and edges are identified with intervals. Next we consider a sequence of partitions of the edges of the metric graph with the partition size going to zero. As the mesh of the subdivision goes to zero, the conditioned random labelings converge, in a suitable sense, to a deterministic function which evolves as an increasing process of subsets of the metric graph that grows at rate one while maximizing an appropriate notion of entropy. We call such functions floodings. We present a number of qualitative and quantitative properties of floodings and some explicit examples.
Introduction intro
Consider a finite graph with N vertices. Randomly label the vertices by numbers 1, 2, . . . , N , conditioned to have a fixed number M of peaks (local maxima). The problem, a continuation of the project started in [BP16] , is to understand the most likely locations of the peaks as a function of the underlying graph structure. Even for the case of M = 1 or M = 2, simple questions seem to be very hard to answer for random labelings on many natural graphs. The following is an example that was left open in [BP16] . If a random labeling of a large torus is conditioned on having exactly two peaks, is the typical distance between the peaks comparable to the diameter of the torus?
In this article we introduce a limiting procedure where asymptotically the labelings are amenable to analytical methods. Let us describe the procedure very roughly for now. All details can be found in Section 3. Imagine that our graph has edge lengths and can be viewed as a metric space. Replace every edge by an interval and consider a sequence of finer and finer subdivisions of each interval. Thus for every metric graph we have a sequence of subdivision metric graphs with the number of vertices going to infinity that can be embedded in the original graph. Now, we fix M and consider the sequence of random labelings on each subdivision graph, conditioned to have M peaks, and take a limit as the number of vertices goes to infinity.
In an appropriate sense, the labelings converge to a continuum limit that we call "flooding". Again, let us give a rough intuition regarding this limiting object. Consider again the random labeling of the finite graph with N vertices. This static random object can be turned dynamic by considering a time parameter t ∈ [0, 1] and progressively exploring the subgraphs labeled by vertices { N s , (1 − t) ≤ s ≤ 1}. A moments reflection will convince the reader that, due to our constraint on having M peaks, the stochastic process of subgraphs is increasing and yet always remains a union of at most M connected components. This property persists in the subdivision limit where we obtain a stochastic process of closed subsets of the metric graph that is a union of at most M connected components and "absorbs" boundary points at rate one until it covers the entire graph. An evocative visual would be to imagine the edges as pipes and water flowing through M sources until it floods the entire graph. This inspires the name "flooding".
Interestingly, the floodings on metric graphs are surprisingly rigid objects. The reason, in short, is large deviation theory. Each flooding can be studied by an entropy-like quantity (see (3.3)) and the asymptotically most likely flooding is the one that maximizes this entropy. This is essentially the content of Theorem 3.3. The rest of the paper analyzes the maximal-entropy floodings on trees and non-tree graphs and shows some remarkable properties (see Theorem 4.6). For example, we show that, on arbitrary graphs, the optimal flooding, until the very end, has exactly M connected components. That is to say, the floodings initiated from separate sources will never meet until the end. The optimal sources are given by centroids of metric trees.
The paper is organized as follows. It starts with Section 2 containing some preliminaries. Section 3 will introduce subdivision graphs and floodings, and present an asymptotic result on random labelings. Properties of floodings will be studied in Section 4. Finally, examples of floodings will be presented and examined in Section 5.
Preliminaries prel
For an integer N > 0, let [N ] = {1, 2, . . . , N }. By abuse of notation, we will use | · | to denote the absolute value of a real number, cardinality of a finite set and length of a line segment. For a real number a, we will write a to denote the largest integer less than or equal to a and a to denote the smallest integer greater than or equal to a.
We will usually denote graphs G, their vertex sets V and edge sets E. We will indicate adjacency of vertices v and y by v ↔ y. We will consider only finite simple graphs, i.e., graphs with no loops and multiple edges.
2.1. Labelings. We will call a function L : V → [N ] a labeling of G or labeling of V if it is a bijection. The inverse function will be denoted R.
We will say that a vertex v ∈ V is a peak (of L) if and only if it is a local maximum of L, i.e., L(v) > L(y) for all y ↔ v.
We will use P to denote the distribution of a random (uniform, unconditioned) labeling. The symbol P M will stand for the distribution P conditioned on existence of exactly M peaks.
Consider integers M, N > 0 and a graph G with N vertices. We will describe the general structure of a (deterministic) labeling L with exactly M peaks. Let v 1 , v 2 , . . . , v M ∈ V be the peaks of L and let a k = L(v k ) for 1 ≤ k ≤ M . Note that v m ↔ v for m = . Assume without loss of generality that a 1 < a 2 < · · · < a M . The vertex R(N ) is a peak so a M = N . If N − 1 = a M −1 , i.e., R(N − 1) is not a peak, then we must have R(N − 1) ↔ R(N ). We will generalize this remark. Let The above analysis suggests the following dynamic picture of a random labeling with one peak. Conditional on the position of the peak, all other values of the labeling should be chosen (randomly) by attaching them, from the highest to the lowest value, one by one, to the clusters C k of already occupied vertices. Intuition might suggest that R(N − m) should be chosen uniformly from all vertices adjacent to C m−1 . That this is not the case can be demonstrated using very simple examples, see [BP16, Example 2.1]. A much more interesting example is provided by the comparison of computer simulations of the Eden model (where new labels are attached uniformly on the boundary) and a random labeling conditioned on having a single peak, on a large discrete torus. The simulations presented in [BP16, Sec. 2] and a rigorous result, Theorem 4.2 in [BP16] , suggest that the two mechanisms generate significantly different labelings (belonging to different "universality" classes).
2.2. Large deviations for multinomial distribution. As mentioned before, our results on floodings are closely related to the large deviations theory for multinomial distribution; see, e.g., [DZ98] . Although this type of results are classical, they provided little help with the current project. It was easier to repeat some of the classical computations rather than to reduce our claims to those that can be found in the existing literature. This section contains a review of some elementary properties of the multinomial distribution, presented in a form that is convenient for the applications in this paper.
Consider a graph H consisting of K disjoint subgraphs H j , 1 ≤ j ≤ K. Suppose that each of the subgraphs H j is isomorphic to the set of natural numbers (with edges connecting neighbors). Let V (V j ) denote the vertex set of H (H j , resp.) and let v 1 , . . . , v K be the endpoints of the subgraphs H j . Suppose that N > 0 and N = N 1 + N 2 + · · · + N K where each N j is a non-negative integer.
inomialcount Lemma 2.1. (i) Let N be the number of (deterministic) functions R : [N ] → V satisfying the following conditions: (a) R is injective, (b)
) ∩ V j is connected for each j, and (d) v 1 , . . . , v K are the only local maxima of R −1 . Suppose that for some non-negative real numbers a 1 , a 2 , . . . , a K , a and integers n and
, and a 1 + a 2 + · · · + a K = a. Then for any fixed K, K 1 and a real number ζ > 0, uniformly in a ∈ [0, ζ] and a j 's, when n → ∞,
(ii) Now suppose that R is a uniformly chosen random element from the set of functions described in (i) above. Then for every ε > 0 there is N * such that for N ≥ N * and all non-negative integers
, form a partition of [N ] into K ordered subsets of cardinalities N 1 , N 2 , . . . , N K . Hence, the number N of functions R satisfying the conditions in part (i) of the lemma is
Recall the Stirling formula, log n! = n log n − n + O(log n). It follows from this formula and (2.3) that, for a fixed K,
Our assumptions imply that |N − na| ≤ KK 1 . Hence for any fixed K, K 1 and a real number ζ > 0, uniformly in a ∈ [0, ζ] and a j 's, when n → ∞,
(ii) This part follows easily from the law of large numbers. More precisely, consider a uniformly random arrangement of N labeled balls in K labeled boxes such that box j has N j balls. Sequentially remove balls labeled N, N − 1, . . . at unit intervals of time. If we now reverse time, the law of the process (|R(
is identical to that of the process of the number of balls in each box at time t.
3. Metric graphs and floodings subdiv 3.1. Metric graphs. We start this section with a definition of a metric graph. Let G = (V, E) be a finite connected simple graph. A metric graph corresponding to G is a pair (G, ) where : E → (0, ∞) assigns a positive length to each edge of G. It is intuitive to visualize the metric graph by replacing each edge e by an interval [0, (e)].
More precisely, consider an arbitrary direction for each edge. That is, in an arbitrary manner replace every edge e = {u, v} ∈ E by a vector e = (u, v) where, we say, u is the initial vertex of the edge and v is the terminal vertex. This changes the meaning of E, but by an abuse of notation we continue to use E for this set of directed edges. Note that, if (u, v) ∈ E then (v, u) / ∈ E. We say, vertices u and v share an edge if either (u, v) or (v, u) is in E. Now, consider the following set
The vertex set V can be recovered from S * via the following equivalence relation. For e, g ∈ E and x ∈ [0, (e)] and y ∈ [0, (g)], we define (e, x) ∼ (g, y) if, either e = g and x = y, or e = g but share a vertex, and x and y represent the same vertex. This can happen in the following four ways.
(i) e = (u, v), g = (u, w) and x = 0 = y.
(ii) e = (u, v), g = (w, u) and x = 0, y = (g).
(iii) e = (u, v), g = (w, v) and x = (e), y = (g).
(iv) e = (u, v), g = (v, w) and x = (e), y = 0. It is not hard to see that ∼ is an equivalence relation on S * . Consider the quotient set S = S * / ∼. We will continue to represent points in S by any representative element (e, x) in S * from its equivalent class. Then, the set V of vertices are precisely those points (e, x) ∈ S such that x ∈ {0, (e)}. Let v(e, x) denote the equivalence class of (e, x) ∈ S. We call S a real metric graph.
The notion of degree can now be extended to points in S. By definition, any point (e, x) for 0 < x < (e) has degree 2. Any other point will correspond to a vertex v ∈ V. The degree of that point will be the degree of v in the graph G.
There is a natural graph metric on the set V obtained from the metric graph (G, ). To wit, consider two vertices u, v in V. If u = v, the distance is zero. Otherwise, consider a path in G from u to v in k steps for some k ≥ 1. This is a finite sequence of vertices {w 0 , w 1 , . . . , w k } ⊆ V such that w 0 = u, w k = v and each successive pair w i , w i+1 share an edge e i , for i = 0, 1, . . . , k − 1. The length of this path is then defined to be k−1 i=0 (e i ). The distance between u and v, denoted by dist(u, v) is the infimum of the length of path taken over all paths of any number of steps connecting u and v. We will now extend this metric to S.
For any pair of points (e, x) and (g, y) the distance between them can be defined as follows. If e = g, then dist ((e, x), (g, y)) = |x − y| .
Now, suppose e = g. Let u 1 = (e, 0), u 2 = (e, (e)), v 1 = (g, 0), v 2 = (g, (g)). Then, dist ((e, x), (g, y)) is the minimum of the following four terms: (i) x+dist(u 1 , v 1 )+y, (ii) x+dist(u 1 , v 2 )+ (g)−y, (iii) (e)−x+dist(u 2 , v 1 )+y, (iv) (e)−x+dist(u 2 , v 2 )+ (g)−y. We leave the verification of the metric property of dist( · , · ) to the reader. The metric gives rise to the usual topology generated by open balls, and associated concepts, for example, that of the boundary of a set. The boundary of a set A will be denoted in the usual way by ∂A. 3.2. Subdivision graphs. We will define a subdivision graph G n of a (metric) graph G, for n ≥ 1. The graph G n is obtained by replacing every edge e of G with a path (linear) graph with n (e) edges. More precisely, if the endpoints of e are w 1 and w 2 then we add vertices v e 1 , v e 2 , . . . , v e n (e) −1 to the vertex set, we identify v e 0 with w 1 and v e n (e) with w 2 and we add edges so that
n (e) = w 2 . We assume that the sets of extra vertices {v e 1 , . . . , v e n (e) −1 } are disjoint for distinct e. The vertex set of G n will be denoted V n . If an edge g of G n has been obtained by subdividing an edge e of G then we give g the length (g) = (e)/ n (e) .
It is easy to see that the metric graph S associated with a graph G is isometric (as a metric space) with the metric graph corresponding to any of the subdivision graphs G n of G.
Normal vectors.
For an edge e, we will define abstract "unit vectors" e + and e − . We will write sign (e + ) = 1 and sign (e − ) = −1. We will use this concept only in the expressions of the form (g, x) + te + or (g, x) + te − , where (g, x) = (e, s) for some 0 ≤ s ≤ (e). Hence, all we need to do is to give a meaning to these expressions. If w = e + or w = e − then we declare that (g, x) + tw = (e, s + sign (w) t) for all t such that 0 ≤ s + sign (w) t ≤ (e).
For any (g, x), we say that e + is a vector anchored at (g, x) if (g, x) = (e, s) for some 0 ≤ s < (e). We say that e − is anchored at (g, x) if (g, x) = (e, s) for some 0 < s ≤ (e).
For any closed set A with finitely many connected components and (g, x) ∈ ∂A, we say that w is an outward normal vector to A at (g, x) if w is a vector anchored at (g, x) and there exists t 1 > 0 such that (g, x) + tw / ∈ A for all t ∈ (0, t 1 ).
3.4. Floodings.
m5.1 Definition 3.1. We define flooding as a process (f (t), t ≥ 0) of increasing closed subsets of S such that f (t) has a finite number of connected components for every t ≥ 0. The process f is defined as a piecewise linearly growing set in S. More precisely, for f to be a flooding, there must exist a finite sequence of times t 0 = 0 < t 1 < t 2 < · · · < t k(f ) < ∞ such that the following conditions hold for k = 1, 2, . . . (iv) The time t k is the infimum of t > t k−1 such that for some j we have
or, for some j 1 = j 2 we have e
, the flooding must satisfy
At a linear rate the set f (·) absorbs points on the boundary until it hits a vertex (which potentially alters the size of the set of outer normals) or an edge is absorbed completely by exhausting it from both sides (which reduces the boundary). Since z k j 's are always chosen from the simplex, the total rate of absorption is always one. Let ζ = e∈E (e) be the total length of all edges of S. Hence, t k(f ) = ζ < ∞, f (t k(f ) ) = S and the process gets absorbed in this state for all subsequent times. In other words, condition (3.1) agrees with the assumption that ζ = inf{t ≥ 0 : f (t) = S}.
Note that the total number of all the outward normals vectors of all the boundary points of f (t) is equal to m k for all t k−1 ≤ t < t k . Informally, for t ∈ (0, t k − t k−1 ), we will refer to any set of the form (e We will write z k j =ẋ k j (t) for t ∈ (t k−1 , t k ). This is a shorthand for saying that z k j is the derivative of dist(x k j (t k−1 ), x k j (t)) with respect to time t. For any M ≥ 1, we will say that (f (t), t ≥ 0) is a flooding with M sources if f (0) is a set of M distinct points. The family of all floodings with M sources will be denoted F M . We will write F ≤M = 1≤K≤M F K . We will define a metric for the family of floodings of a given graph G. We equip the family of non-empty compact subsets of S with the usual Hausdorff distance, denoted dist H . It is easy to see that every flooding f is Lipschitz with the Lipschitz constant 1, i.e., dist H (f (s), f (t)) ≤ t − s for all 0 ≤ s ≤ t ≤ ζ. We define the distance between floodings f and f by dist(f,
We will sketch a proof that F ≤M is compact for every M . First, it is easy to see that the family of subsets of S that have at most M elements is compact in the topology induced by dist H because S is compact. Hence, for any sequence f j of floodings in F ≤M , there is a subsequence f j i such that f j i (0) converges to a limit and the limit is a set with at most M points. The family of compact subsets of S is compact in the metric dist H . Hence, for every rational number t ∈ [0, ζ], we can find a subsequence f j i of f j , such that f j i (t) converges to a compact subset of S. By the diagonal method, we can find a single subsequence f j i of f i such that f j i (t) converges to a compact subset of S for every rational t ∈ [0, ζ]. By the Lipschitz property of floodings, the last claim holds for all real t ∈ [0, ζ].
For any flooding f we have k(f ) ≤ n G := |V| + |E|, i.e., k(f ) is bounded by the number of vertices plus the number of edges of G. This is because at every time t k , 1 ≤ k ≤ k(f ), the flooding reaches at least one of the vertices for the first time or two arms of a flooding meet in the interior of an edge. It is easy to see that each vertex and each edge can play this role at most once.
Let
= ζ be defined relative to the flooding f j i . Passing to a subsequence, if necessary, we may assume that k(f j i ) are equal to each other for all i, and a limit lim i→∞ t
For every ε > 0 and k > 0 there exists i 1 such that for all i > i 1 and j, t ≤M is compact. In the following, we will use the convention that 0 log 0 = 0. For
em:beta_cont Lemma 3.2. The function β(f ) is continuous on the set of floodings of G.
Proof. We order the family of all "unit vectors" e + and e − , for all e ∈ E, in an arbitrary way. There are 2|E| elements in this family. We can change the sums 1≤j≤m k to 1≤j≤2|E| in (3.3)-(3.4), with the understanding that for the extra j in the sum, z k j = 0, and, therefore, the corresponding term in the sum is equal to 0. The point of the new convention is that the range of the summation index does not depend on the flooding f .
Consider two floodings f and f . The objects related to f will be denoted t k , z k j , etc. Let s 0 = 0 < s 1 < s 2 < · · · < s n < ∞ be the ordering of all elements of
In view of the equality of (3.3) and (3.4),
Hence,
Consider an arbitrarily small ε > 0. Let ε 1 > 0 be such that 4n
. Without loss of generality, suppose that the j-th vector is e + , corresponding to an edge e. We will assume that the floodings f and f do not have sources in e. The case when there are sources in e is more complicated but does not pose any new conceptual challenges; we leave it to the reader.
We will write (e, (u 1 , u 2 ]) = u∈(u 1 ,u 2 ] {(e, u)} and similarly for other intervals (open or closed). For some x 1 , x 2 , x 3 , x 1 , x 2 , x 3 ∈ [0, (e)] such that x 3 ≤ x 2 and x 3 ≤ x 2 , we have
Note that some, even all, of the eight line segments on the right hand side can be empty.
Suppose that |x 1 − x 1 | ≥ 10δ. Consider the case x 1 − x 1 ≥ 10δ. Since dist(f, f ) < δ, we must have x 2 ≤ x 1 −8δ. Let t be the largest time such that for some x 4 , x 5 , x 4 ∈ [0, (e)], (e, (0, (e))) ∩ f (t) = (e, (0,
Suppose that x 4 ≥ x 2 + 4δ and let x 6 = ( x 2 + x 4 )/2. Then (e, x 6 ) ∈ f (t) but (e, (x 6 − 2δ, x 6 + 2δ)) ∩ f (t) = ∅. This contradicts the assumption that dist(f, f ) < δ.
Consider the other case, namely, x 4 ≤ x 1 − 4δ and let x 7 = (x 4 + x 1 )/2. Then (e, x 7 ) ∈ f (t) but (e, (x 7 − 2δ, x 7 + 2δ)) ∩ f (t) = ∅. This contradicts the assumption that dist(f, f ) < δ.
We conclude that x 1 − x 1 ≥ 10δ cannot hold. The case x 1 −x 1 ≥ 10δ can be eliminated in a similar manner. This implies that |x 1 − x 1 | < 10δ. An analogous argument shows that |(x 1 + ∆) − ( x 1 + ∆)| < 10δ. Recalling the definitions of ∆ and ∆, we obtain
and, therefore,
This and (3.5) imply that
Since the set F ≤M is compact and β is continuous, β attains its supremum. Simple examples show that F M * does not have to be a singleton, for example, when S is a circle and M is any positive integer. Theorem 4.6 (iii) implies that β
we cannot take these statements as the definitions of β * and F M * for technical reasons. Recall the definition of a subdivision graph from Section 3.2. Consider a graph G = (V, E) and a subdivision graph G n = (V n , E n ). We will associate a flooding f L of G (not G n ) with any (deterministic) labeling L of V n . First of all, note that a flooding f is totally determined by the finite family {f
This is because f is continuous and the functions x k j are assumed to be linear on [t k−1 , t k ] for every j and k.
Suppose that L is a labeling of V n with M peaks. Let R = L −1 , N n = |V n |, and for 0 ≤ k ≤ N n − 1, let
Let k 0 = 0 and let 0 < k 1 < k 2 < · · · < k α be the list of all k i > 0 such that at least one of the following conditions holds:
Strictly speaking (i) implies (ii) but we listed the two conditions separately to highlight the heuristic difference between the two cases. An arm of the labeling reaches a vertex of G in case (i). Case (ii) represents the situation when two arms of the labeling meet in the interior of an edge of G.
Note that α (i.e., the number of k i 's greater than 0) depends on G, n and L. Let t k i be the total length of all edges of the metric graph G n whose both endpoints belong to C k i . We define the flooding f L by declaring that for 0
is the union of the set of all peaks of L and all edges of G n whose both endpoints belong to
and let denote the symmetric set difference. Let P n M denote the distribution of random labeling of G n conditioned on having exactly M peaks.
j22.1 Theorem 3.3. Consider a graph G and an integer M > 0. For any ε > 0 there exists n 1 such that for n ≥ n 1 ,
Proof.
Step 1. The set
consists of a certain number, say, m k i , of distinct "line segments," i.e., m k i sets of
) lies on only one edge of S. Two of these sequences, corresponding to different values of (k i , j), may have at most one vertex in common, and if they do then the common vertex is the endpoint for each one of the sequences.
Let us condition the random labeling on having exactly M peaks, on the values of L(N − ) for 0 ≤ ≤ k i−1 , and on the value of the set in (3.8). The conditional distribution of
can be described as follows. First, we randomly (uniformly) divide the family of labels
Then we order integers in each subset and then assign them to vertices as in (3.9). The version of the law of large numbers for the multinomial distribution given in (2.2) implies that the values in (3.9) decrease in an approximately linear way. We can repeat the same reasoning for each k i , 1 ≤ i ≤ α. It is straightforward to translate our observations into the statement in (3.7).
Step 2. We will find a crude upper bound for the number of distinct families
) contains all vertices of G, all peak locations and at most one vertex in the subdivision graph for each edge of G (and no other vertices). Hence, α ≤ k * , where k * is the sum of the numbers of vertices and edges of G plus the number of sources, i.e., M . Since m k i is bounded by the number of edges of G, m k i ≤ k * for all 1 ≤ i ≤ α, for every (deterministic) labeling L. A crude upper estimate for the number of vertices in V n is 2nζ. All these remarks imply that the number of distinct families
Step 3. Recall the notation related to the construction of f L presented before the statement of the theorem. We match indices of arms of f L with the indices of the sequences constructed above so that (v(
We use (2.1) and (3.10) to see that
Let M n be the number of deterministic labelings of G n with M peaks. Recall from Step 2 that the number of distinct families
2k 2 * . It follows from (3.11) that for b > 0 and large n,
2k 2 * exp(nb + log 2 n).
Step 4. Given a function f ∈ F M * we will construct a family L n f of associated labelings of
Note that the index k in B k has a different meaning than in C k . The number of vertices in C k is k + 1 while the number of vertices in B k is typically of order n. The set B 0 may be empty. If it is non-empty then it contains at most M vertices.
We will say that a labeling L belongs to L n f if it has exactly M peaks and B k \B k−1 = R({i, i + 1, . . . , i + }) for some i and , for every 1 
may have at most one vertex in common, and if they do then the common vertex is the endpoint for each one of the sequences.
We match indices of arms of f with the indices of the sequences constructed above
Recall that M n is the number of deterministic labelings of G n with M peaks. Let
We use (2.1), (3.13) and the assumption that f ∈ F M * to see that
This and (3.12) imply that for any ε > 0 there exist c 1 and n 1 such that for n ≥ n 1 ,
2k 2 * exp(−nε + log 2 n) < exp(−nε + 2 log 2 n).
This proves (3.6).
Properties of floodings flood
It is elementary to see that the set F M can be parametrized so that it becomes a subset of a finite dimensional space. By Lemma 3.2 the function β defined in (3.3) is continuous over F M , however, finding the maximizing f in an effective way does not seem to be easy.
Suppose that H is obtained from G by subdividing it with a finite number of vertices. It is not hard to see that the metric graph for H can be embedded isometrically in the metric graph for G. That is, both graphs are represented by the same metric graph S, except with different edge labels and the set of vertices of G is a subset of the set of vertices of H.
We will not analyze F M directly. Instead, we will use Theorem 3.3. Note that adding a finite number of extra vertices to G does not change the possible random labelings of the subdivision graphs-they are the same for subdivisions of G and H (this is almost true; see the note at the end of the proof). If we suppose that the inequality in (4.1) is strict then F M * (H) = F M * (G) and distance, in the supremum norm metric, between these families of functions is strictly positive because β is a continuous function on F M (H). Hence, the shape of a typical random labeling L M n , in the sense of (3.7), must be different for H and G, for large n. This contradicts the fact that we are dealing with the same family of random labelings in both cases.
We address a subtle but minor problem related to the claim that adding a finite number of extra vertices to G does not change the possible random labelings of the subdivision graphs, i.e., they are the same for subdivisions of G and H. If an edge of length r e is divided by an extra vertex into edges with lengths r e and r e then it is not necessarily true that nr e = nr e + nr e . Hence, there may be an extra vertex in the subdivision graph for H. The effect on calculations in the proof of Theorem 3.3 is negligible for large n.
Parts (i) and (ii) of the following definition are taken from [BP16] .
j24.2 Definition 4.2. (i) Suppose that a graph G is a tree with N vertices. We will say that x is a centroid of G if each subtree of G which does not contain x has at most N/2 vertices.
(ii) Suppose that G is a tree and v 1 is one of its vertices. Define a partial order "≤" on the set of vertices V by declaring that for v 2 , v 3 ∈ V, we have v 2 ≤ v 3 if and only if v 2 lies on the geodesic between v 1 and v 3 . If v 2 ≤ v 3 then we will say that v 2 is an ancestor of v 3 and v 3 is a descendant of v 2 . Let n v 1 (v 2 ) be the number of descendants of v 2 , including v 2 .
(iii) Suppose that a metric graph S represents a tree graph and the total length of all edges of S is ζ. We will say that v ∈ S is the centroid of S if for every connected subset A of S \ {v}, the total length of edges in A is less than or equal to ζ/2. m13.5 Lemma 4.3. (i) A finite tree graph has at least one and at most two centroids. If it has two centroids then they are adjacent.
(ii) A metric graph S representing a tree graph has exactly one centroid.
Proof. (i) This part appeared as Lemma 6.2 in [BP16] .
(ii) One can discretize the metric tree S by placing nr e equidistant vertices on e, for every edge e of S. It is elementary to check that centroids of these graphs converge, as n → ∞, to the unique centroid of S. We leave the details to the reader.
Recall the notation from Definition 3.1.
The first and last equalities in (4.2) follow directly from the definitions.
Proof of Theorem 4.4. (i) Consider a random labeling of a subdivision graph G n conditioned on having exactly one peak. We will estimate the distance of the peak from the centroid.
For a vertex v in the subdivision graph G n , let p v be the probability that there exists only one peak and it is located at v. Recall n v (y) from Definition 4.2. If v and y are adjacent then, by [BP16, (6. 2)],
Suppose that v 0 , v 1 , . . . , v k is a sequence of distinct vertices such that v j−1 ↔ v j for all j and v 0 is one of the centroids. Let N be the number of vertices of G n and note that k ≤ N/2 because v 0 is a centroid. Then
Let A k be the set of all vertices at distance k from one of the centroids and let C j = k≥j A k . Since we are dealing with a subdivision graph, the cardinality of A k is bounded by some K < ∞ for all N and k. If k ≥ 2 then k 2 − k ≥ k 2 /2. Hence for j ≥ 2,
If we take j = N 1/2+α for some α > 0 and let N → ∞ then the quantity on the last displayed line goes to 0. Recall that centroids of subdivision graphs G n converge to the centroid of S when n → ∞. It follows that for any neighborhood U of the centroid v * of S and for any c 1 > 0, there exists N 1 such that if G n is a subdivision graph with |V n | ≥ N 1 and we condition a random labeling of the subdivision graph G n to have only one peak then the probability that the peak is outside U is less than c 1 . This and (3.7) easily imply part (i) of the theorem.
(ii) Let f be the unique flooding such that (a) f (0) is the centroid v * of S, (b) f (t k ) contains a vertex of degree greater than or equal to 3 for all 1 ≤ k ≤ k(f ), and (c) the condition (4.2) is satisfied for all 1 ≤ k ≤ k(f ) and t ∈ (t k−1 , t k ). We will show that random labelings of subdivision graphs conditioned on having a single peak converge to f in the sense of Theorem 3.3. In view of Theorem 3.3 and part (i) of the present theorem, this will prove that f ∈ F 1 * and F 1 * contains only one function and, in turn, will imply part (ii) of the present theorem. It remains to show that random labelings of subdivision graphs conditioned on having a single peak converge to f . 
Let L n denote a random labeling of G n and let R n = L −1 n be its inverse function. Let N n = |V n | and let
We will prove that there exists n 1 such that for n ≥ n 1 , the following statements are true,
By the last paragraph of part (i) of the proof, for large n,
Consider the case when v 0 = v * . We can make ε > 0 smaller, if necessary, an assume that n is large so that the number of connected components of V n \ {R n (N n )} is 2. Let V 0,1 n and V 0,2 n , be the connected components of V n \ {R n (N n )}. Note that if n is sufficiently large then
Given the event {R n (N n ) = v 0 }, the event that there are no other peaks is independent under P from the allocation of integers in [N n − 1] to the sets V 0,1 n and V 0,2 n , i.e., it is independent from the σ-field generated by the random sets L n (V 0,1 n ) and L n (V 0,2 n ). It follows that, under P 1 conditioned by {R n (N n ) = v 0 }, the random sets L n (V 0,1 n ) and L n (V 0,2 n ) are distributed uniformly, i.e., all allowed pairs of sets are equally likely. This and (4.7) imply that if n is sufficiently large then
If the events in (4.6) and (4.8) hold and the labeling has only one peak then L n (v * ) must be one of the top N n ε/ζ values of [N n ] and, therefore, {f (0) = f (t 0 ) ⊂ D n 0 } holds. Condition (4.2) implies that f (2εζ/ζ − ) extends at least 2ε units from v * along each connected component of S\{v * }. We have assumed that ρ(v 0 , v * ) < εζ − /(8ζ). These observations and the fact that |B n 0 | = (ε/ζ)N n imply that the event {D
The last claim and the estimates (4.6) and (4.8) show that the P 1 -probability of the event F n 0 = {f (t 0 ) ⊂ D n 0 ⊂ f (t 0 + 2(0 + 1)εζ/ζ − )} is greater than 1 − 3c 2 /4 so (4.4) is proved.
Next we will prove (4.5). Suppose that the event F , i.e., it is independent from the σ-field generated by the random sets L n (V
). It follows that, under P 1 conditioned on B n k and one peak in B n k , all allowed sets L n (V
) are equally likely. This implies that if n is sufficiently large then for j = 1, . . . , d k−1 ,
We will explain the geometric meaning of the event in the above formula. If the labeling has a single peak then label values are monotone along paths emanating from R n (N n ). Assuming that this is the case, the set
represents is a sequence of adjacent vertices. An estimate of the graph distance between the extreme vertices in this sequence is given in (4.9). Ignoring ε-size corrections, this distance is
This is equivalent, up to negligible terms, to the S-distance
ζ − t k−1 between the extreme vertices in the sequence. The last quantity is the distance between ∂f (t k−1 ) and ∂f (t k ) along the j-th component of S \ f (t k−1 ) because we have assumed that f satisfies (4.2).
If the event in (4.9) and {f (t k−1 ) ⊂ D 
The above argument proves the following weaker version of (4.5),
The event F n k is concerned with linearity of the function L n . A standard argument, similar to that that gives (2.2), shows that for large n,
This and (4.10) prove (4.5).
Since c 1 and c 2 are arbitrarily small, it follows from (4.4)-(4.5) that the P 1 -probability of 0≤k≤k(f ) F n k goes to 1 as n → ∞. This implies that random labelings of subdivision graphs conditioned on having a single peak converge to f in the sense of Theorem 3.3. This completes the proof.
Suppose that v is not the midpoint of the geodesic between
)/2. Consider a flooding g constructed by modifying f as follows. The function
(t k ), moving along the same edge and in the same direction as x k(f ) i (t) with the speed z. We define x k(f ) j (t) in the analogous way. All other functions x n r associated to f remain the same for g. Then, by the properties of entropy,
This contradicts the assumption that f ∈ F M * and thus proves the lemma. Recall the notation from Definition 3.1. We will say that f has a dormant arm if for some i, j and k we have
Next suppose that M > 1. For every v ∈ f (0) let S v (t) be the connected component of f (t) which contains v, for t ∈ [0, ζ). Let S v be the closure of 1≤t<ζ S v (t). (ii) The function f has no dormant arms. (iii) For all t < ζ, f (t) does not contain any vertex of degree 1.
(iv) For all t < ζ, f (t) has exactly M disjoint connected components. (v) For all t < ζ, f (t) contains no loops.
(vi) For all t < ζ, the points in the set f (0) are centroids of the tree metric graphs comprising f (t), i.e., connected components of f (t).
(vii) Suppose that y ∈ f (0) and let S y (t) be the connected component of f (t) which contains y, for t ∈ [0, ζ). Let S y be the closure of 1≤t<ζ S y (t). Suppose that t ∈ (t k−1 , t k ) for some 1 ≤ k ≤ k(f ), v, w ∈ ∂f (t) ∩ S y , v = x k i (t), w = x k j (t), and let S yv denote the connected component of S y \ {v} which does not contain y; let S yw be defined in the analogous way. Let ζ v be the total length of edges in S yv , and let ζ w be the total length of edges in S yw . Then,
, and let S y 1 v denote the connected component of S y 1 \ {v} which does not contain y 1 . Let S y 2 w be the connected component of S y 2 \ {w} which does not contain y 2 . Let ζ v be the total length of edges in S y 1 v , and let ζ w be the total length of edges in S y 2 w . Then,
, and m k+1 < m k for some k + 1 ≤ k(f ). We will construct a function f ∈ F M with β(f ) > β(f ). Objects related to f will be denoted as in Definition 3.1 but underlined, for example, x are labeled in such a way that
f19.6 f19.6 (4.12)
Suppose that ε ∈ (0, t k − t k−1 ) is small and let t k = t k − ε. We add an extra vertex to G at x k 1 (t k ) so that we can change the values of z m j 's at the time t k . We can add an extra vertex in view of Lemma 4.1.
The function f will be such that f (t) = f (t) for t ≤ t k−1 and t ≥ t k+1 . Moreover, k(f ) = k(f ) and t j = t j for j = k. The number of active arms of f on the interval (t k−1 , t k ) will be the same as for f on (t k−1 , t k ) but f will have one more active arm on (t k , t k+1 ) than the number of active arms of f on (t k , t k+1 ). In symbols, m k = m k and m k+1 = m k+1 + 1.
We set
We removed a short stretch of the range of x k 1 from the k-th stage of f and added this short interval as an extra arm to f at the (k + 1)-st stage.
In the following calculation, we will write = k + 1 so that we can reuse the formula later in the proof. Let a = 1 − ε/(t k − t k−1 ) so that ε = (t k − t k−1 )(1 − a). It is easy to check that
Since the functions f and f agree outside
f19.5 f19.5 (4.14)
z j log z j m5.7 m5.7 (4.15)
Recall that f is given and fixed so all z k j 's, t k 's, etc. are fixed. We let ε = (t k−1 − t k−2 )(1 − a) ↓ 0 so that a ↑ 1. Then the quantities on each of the lines (4.17)-(4.19) are of the order O(ε) for small ε > 0. The quantity in (4.20) is greater than cε| log ε| for small ε > 0 so it dominates the other quantities. This shows that
M has a dormant arm, that is, there exist i, j and k such that
. We assume without loss of generality that j = 1 and set = k − 1, so that x
The strategy of the proof of part (ii) is the same as for part (i). We will construct a function f with β(f ) > β(f ) by shifting some growth from the k-th time interval to the -th time interval. Recall the notation conventions for objects related to f from part (i) of the proof. Suppose that ε ∈ (0, t k − t k−1 ), k(f ) = k(f ) and let
We set m j = m j for j = and m = m + 1. Let x n j (t n−1 ) = x n j (t n−1 ) and x n j (t n ) = x n j (t n ), for all n = 1, . . . , k(f ) and j = 1, . . . , m n , except that we let x
We define
We removed a short stretch of the range of x k 1 from the k-th stage of f and added this short interval as an extra arm to f at the -th stage.
Let a = 1 − ε/(t k − t k−1 ) so that ε = (t k − t k−1 )(1 − a). It is easy to check that
We note that (4.21) matches (4.13) so so β(f ) − β(f ) is given by the formula in (4.15)-(4.16). We have shown in part (i) that this quantity is positive for small ε > 0 so β(f ) − β(f ) > 0 for small ε > 0, and, therefore, f / ∈ F M * .
(iii) Suppose that f (0) contains a vertex of degree 1. Assume without loss of generality that x 1 1 (0) is a vertex of degree 1. Consider a function f constructed as follows. We assume that x k j (t) = x k j (t) for all k ≥ 2, 1 ≤ j ≤ m k and t ∈ (t k−1 , t k ), and also for k = 1, 2 ≤ j ≤ m 1 and t ∈ (0, t 1 ). We replace x defined for t ∈ (0, t 1 ) as follows,
Next suppose that f (0) does not contain a vertex of degree 1 but f (t) does for some 0 < t < ζ. Then there is t k < ζ such that f (t k ) contains a vertex of degree 1 and f (t) does not contain a vertex of degree 1 for t < t k . We can assume without loss of generality that x k 1 (t k ) is a vertex of degree 1. Let = k + 1. Then it is easy to see that (4.12) is satisfied. We can now follow the proof given in part (i) to conclude that f / ∈ F M * . (iv) We will prove that the number of disjoint components of f (t) cannot decrease. Suppose that the number of disjoint components of f (t) for t ∈ (t k , t k+1 ) is smaller than the number of disjoint components of f (t) for t ∈ (t k−1 , t k ). Some functions x k i and x k j must meet at time t k , i.e., for some i = j, x , i = 1, . . . , m k+1 , can be labeled in such a way that (4.12) is satisfied. The rest of the proof given in part (i) applies verbatim so f / ∈ F M * . It remains to show that the number of disjoint components of f (0) is M . Suppose that this not the case. The proofs of part (i) and (iii) imply that an arm cannot stop growing before time ζ. It follows that the set f (ζ−) := t<ζ f (t) is non-empty. We choose any point v ∈ S \ f (ζ−) and add it to f (0) to create a new flooding. More formally, g(t) = f (t) ∪ {v} for all t ≤ ζ. Note that the number of sources of g is equal to or less than M . The flooding g has a dormant arm so β(g) < β * (S, M ) according to part (ii). Since β(f ) = β(g), we conclude that f / ∈ F M * . (v) Suppose that f (t) contains a loop for some t < ζ. Then there is t k < ζ such that f (t k ) contains a loop and f (t) does not contain a loop for t < t k . It follows that some functions x k i and x k j must meet at time t k , i.e., for some i = j, x
We proceed as in part (iv) to conclude that f / ∈ F M * . (vi) First suppose that M = 1. According to Theorem 4.4 (i), f (0) is the centroid of S. Let d be the number of connected components of S \ f (0). For t ≥ 0, by part (v), f (t) does not contain loops so the number of connected components of f (t) \ f (0) is equal to d. Let us call these sets f j (t), j = 1, . . . , d. If we denote the total length of all edges in f j (t) by |f j (t)|, it is elementary to see that condition (4.2) implies that for all i, j = 1, . . . , d and s, t ∈ (0, ζ],
In particular, this holds for all t ∈ (0, ζ] and s = ζ. Hence, since f (0) is the centroid of S = f (ζ), it must be the centroid of f (t) for all t ∈ (0, ζ].
Next suppose that M > 1. Recall that for v ∈ f (0) and t ∈ [0, ζ), S v (t) denotes the connected component of f (t) which contains v, and S v is the closure of 1≤t<ζ S v (t). Let f v (t) = f (t) ∩ S v . The function t → f v (t) satisfies most conditions in Definition 3.1 of a flooding. It does not satisfy (3.1). We will construct a flooding g v of S v with a single source by transforming f v (t).
Recall the notation from Definition 3.1. For j such that e For a flooding g of S v , we will write β(g, S v ) to denote the quantity in (3.3) relative to g and S v . Let
We have
Given a flooding h of S v , we define a flooding f h of S by
It is elementary to check that (f h ) v = h. Hence, we can apply (4.23) to see that
Note that only the term β(h, S v ) depends on h on the right hand side. We see that f v ∈ F 1 * relative to S v because otherwise we could find a flooding h ∈ F 1 * of S v with β(h, S v ) > β(f v , S v ), and then we would have
Since f v ∈ F 1 * relative to S v , the first part of the proof of part (vi), for M = 1, implies that v is the centroid of f v (t) for all t. Part (vi) of the theorem follows easily.
(vii) First assume that y 1 = y 2 . We will use the notation from part (vi) of the proof. It follows from (4.23) that
We may construct a new flooding f of S by replacing
all v ∈ f (0). More formally, there exists a flooding f of S such that f (0) = f (0), the floodings of S v 's induced by f are the same f v 's as for f , and the quantities in (4.22) relative to f are z v,k 's. We will find the family of z v,k 's satisfying the above conditions which maximizes the last line in (4.24).
Note that v∈f (0) β( f v ) = v∈f (0) β(f v ), by assumption. The problem of maximizing the remaining sum is mathematically equivalent to the problem of maximizing the entropy β of a flooding for a star graph with edge lengths {ζ v , v ∈ f (0)}, and only one source at the central vertex of the star. The methods used in previous proofs show that the optimal z v,k 's are given by z v,k = ζ v /ζ for all v and k. Since f is assumed to be in F M * , we must have z v,k = z v,k = ζ v /ζ for all v and k. This shows that we can apply Theorem 4.4 (ii) to f v 's and, therefore, part (vii) of the theorem follows in the case y 1 = y 2 .
Next suppose that y 1 = y 2 . Consider the case when there exists v 1 ∈ S y 1 ∩ S y 2 . Assume that x k(f ) i (t) and x k(f ) j (t) approach v 1 as t → ζ, and these functions represent an arm of S y 1 and an arm of S y 2 . Then z
, according to Lemma 4.5. This and the fact that (4.11) holds in the case when y 1 = y 2 show that (4.11) holds also in the present case.
Since S is connected, for any y 1 , y 2 ∈ f (0), there exist points y 1 = y 1 , y 2 , y 3 , . . . , y j = y 2 in f (0), such that S y i ∩ S y i+1 = ∅ for all i. This implies that the claim proved in the previous paragraph extends to all y 1 , y 2 ∈ f (0). 
Proof. The corollary follows easily from Theorem 4.6 (vii).
Suppose that the metric graph S is a tree and x ∈ S. For y ∈ S, y = x, let D x y be the set of all z ∈ S such that the geodesic from x to z contains y.
We will say {S j } 1≤j≤k is a partition of a metric graph S if every S j is a closed metric tree, 1≤j≤k S j = S, and interiors of S j 's are non-empty and disjoint. where the supremum on the left hand side is taken over functions f ∈ F M such that f (0) = {v 1 , v 2 , . . . , v M }. The supremum on the right hand side is taken over all partitions {S j } 1≤j≤M of S, such that each v j is in the interior of S j .
Proof. (i) Let v be a fixed point in S. We define a partial order on S by declaring that y ≺ z if and only if y lies on the geodesic between v and z. Suppose that f is such that f (0) = v and β(f ) = sup{β(f ) :
We use this and (4.27) to see that
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We have γ k(f ) j = 0 for all j, so
This and (4.29) imply that all sums on the last two lines of (4.28) cancel except for
Hence, (4.28) is now reduced to
We invoke Theorem 4.6 (vii) once again to claim that
Recall that |S 
This proves part (i) of the proposition.
(ii) We will only sketch the proof. For fixed S 1 , S 2 , . . . , S M , the rates at which the length covered by the optimal flooding in each of these sets are proportional to the total lengths of these graphs, i.e., |S 1 |, |S 2 |, . . . , |S M |, by Theorem (4.6) (vii). Hence, we can optimize f separately in each S j . As a result, we obtain a formula analogous to (4.25) for each S j and then we take the sum. The fact that we end up with an extra term −ζ + ζ log ζ which does not depend on M can be best understood as a normalization corresponding to the denominator (nζ)! in the formula for p n in Remark 4.9 below.
a2.6 Remark 4.9. The proof of Theorem (4.8) (i) consists of a transformation of the right hand side of (4.25) into the formula (3.3) defining β(f ), with help from Theorem 4.6 (vii), which provides information about the speed of arm growth for the optimal flooding. Our calculation is not very illuminating so let us point out that (4.25) can be derived from formula (6.1) in [BP16] . Then the formula in (4.25) arises in a natural way as the limit of approximating Riemann sums. In other words, one can apply [BP16, (6.1)] to subdivision graphs and then pass to the limit with the number of vertices. This alternative argument is based on the observation that if p n is the probability that a random labeling has a single peak at v in the n-th stage subdivision graph then p n ≈ exp(nβ(f ))/(nζ)!, for f ∈ F 1 * . The rigorous version of this alternative proof seems to be longer than the proof presented above.
Examples sec:example
We will say that a metric tree S is a (d + 1)-regular tree of depth n ≥ 1 for d ≥ 2 if all vertices have degree d + 1 or 1, all edges have length 1 and there exists v 1 ∈ S (the root) such that the distance from v 1 to every leaf (vertex of degree 1) is equal to n.
Theorem 5.1. Suppose that S is the (d + 1)-regular tree of depth n ≥ 2, for some d ≥ 2. If f ∈ F 2 * then f (0) contains the root of S and an adjacent vertex. Proof. It follows from Theorem 4.6 (iii) and the assumptions that S is a tree and f ∈ F 2 * that there exists a unique v 0 ∈ S such that v 0 / ∈ f (t) for all t < ζ and v 0 is not a leaf. The point v 0 lies on the geodesic between the two points in f (0). It is easy to see that v 0 is not a vertex. Let S 1 and S 2 be the closures of the two connected components of S \ {v 0 }.
Recall the definition of D Suppose without loss of generality that v 1 ∈ S 1 . It is easy to see that v 1 is the centroid of S 1 . The set S 2 is a full branch with depth k for some 0 ≤ k < n. Let v 2 be the centroid of S 2 and let v 3 be the leaf of S 2 that lies on the geodesic from v 1 to v 2 . Note that if 1 ≤ k < n then v 2 is a branch point of S that lies at the distance k from all leaves of S 2 except v 3 . Recall that ρ denotes the usual metric on S. Let b = ρ(v 2 , v 3 ) and note that 0 < b < 1.
We will prove that the depth k of S 2 is equal to n−1. Suppose otherwise, i.e., assume that that k < n − 1. Let v 4 lie on the geodesic from v 3 to v 1 , with ρ(v 3 , v 4 ) = 1, and let v 5 be the vertex of S between v 3 and v 4 . Let S 2 be the full branch of depth k + 1, with centroid at v 5 and such that v 4 is the closest point to v 1 among all points in S 2 . Let S 1 be the closure of S \ S 2 . See Fig. 1 .
For any subtree S * of S, let D v,S * y be defined in the same way as D v y but relative to S * . We will show that
If (5.1) holds then, in view of Proposition 4.8 (ii), there exists g ∈ F 2 such that β(g) > β(f ) and, hence, f / ∈ F 2 * . This implies that k = n − 1, i.e., S 2 is a full branch of depth n − 1.
To show (5.1), it will suffice to prove that the following quantity is strictly positive, |dy in the first two integrals match and, therefore, cancel some differentials in the last two integrals, because of the sign difference. Note that a y ∈ S which appears in the first integral may appear either in the third or the fourth integral, and then the corresponding differentials cancel. The set of y's not associated with this cancellation of differentials consists of all y's on the geodesic between v 1 and v 2 , and only these points. Let G 1 , G 2 , G 3 and G 4 be the geodesics between the following pairs of points: (v 1 , v 3 ), (v 3 , v 2 ), (v 1 , v 4 ) and (v 4 , v 2 ). We conclude that
m15.9 m15.9 (5.2) If the distance of y ∈ S from the closest leaf of S is a and m = a then
If y ∈ G 1 then the distance from y to the closest leaf of S is in the range (k + b, n) and D
. This and (5.3) imply that if y ∈ G 1 and the distance of y from the closest leaf of S is in the range (j − 1, j) for some k + 2 ≤ j ≤ n then
If y ∈ G 1 and the distance of y from the closest leaf of S is in the range (k + b, k + 1) then (y, v 3 ) . m15.4 m15.4 (5.6) If y ∈ G 3 then the distance from y to the closest leaf of S is in the range (k + 1 + b, n). We have the following formula, analogous to (5.4). If y ∈ G 3 and the distance of y from the closest leaf of S is in the range (j − 1, j) for some k + 3 ≤ j ≤ n then
If y ∈ G 3 and the distance of y from the closest leaf of S is in the range (k + 1 + b, k + 2) then If y ∈ G 4 and y lies between v 5 and v 2 then we obtain using (5.3),
We combine (5.2) and (5.4)-(5.10) to see that m15.10 Example 5.5. We will examine the same graph as in Example 5.4 but we will be concerned with floodings with two sources, i.e., we will take M = 2. Explicit calculations (performed mostly with Mathematica) do not seem to yield interesting formulas so we will limit ourselves to some special cases and partial results. Still we believe that the example illustrates well some properties of floodings.
Recall the setup and notation from Example 5.4. Consider f ∈ F 2 * . The set f (0) contains two points; we will call them y 1 and y 2 . It follows from Theorem 4.6 that only the following three scenarios are possible.
(1) y 1 is in the interior of an edge and y 2 = v * .
(2) y 1 and y 2 belong to the interior of the same edge.
(3) y 1 and y 2 belong to the interiors of different edges.
We will show that all three cases arise for some values of r 1 , r 2 and r 3 . For j = 1, 2, let S j (t) be the connected component of f (t) which contains y j , for t ∈ [0, ζ). Let S j be the closure of 1≤t<ζ S j (t). Assume without loss of generality that v * ∈ S 2 . Let w 1 ∈ S be the point which does not belong to f (t) for t < ζ and lies between y 1 and y 2 . In other words, w 1 belongs to the intersection of the boundaries of S 1 and S 2 . Let w 2 be the endpoint of e 1 opposite to v * .
(1) Suppose that r 1 = r 2 = r 3 > 0. Theorem 4.6 (ii) says that f has no dormant arms so S 2 must contain a neighborhood of v * . By Theorem 4.6 (iv), S 1 must be contained in one of the edges. Since the other two edges belong to S 2 , its centroid y 2 is located at v * . The centroid of S 1 must be an interior point of one of the edges. This shows that if r 1 = r 2 = r 3 then (1) holds.
We will analyze this case in more detail. Note that k(f ) = 1. The set S 1 is a line segment contained in one of the edges. By symmetry, we can suppose that S 1 ⊂ e 1 . The point y 1 lies in the middle of S 1 by Theorem 4.6 (vi). This and Corollary 4.7 imply that ρ(w 2 , y 1 ) = ρ(y 1 , w 1 ) = ρ(w 1 , v * ) = r 1 /3. In other words, y 1 lies at the distance 2r 1 /3 from v * .
Given the positions of y 1 , y 2 and w 1 , it follows easily from Theorem 4.6 (vii) that the arms of the flooding growing from y 1 move at the rate 1/9, and the arms growing from y 2 move at the speeds 1/9, 1/3 and 1/3.
(2) Suppose that r 1 > 128(r 2 + r 3 ) and r 2 ≥ r 3 . We will argue that y 1 and y 2 lie in the interior of the edge e 1 .
Consider other options. The points y 1 and y 2 cannot both lie outside the interior of e 1 because then y 1 would not be the centroid of S 1 or y 2 would not be the centroid of S 2 .
Next suppose that y 2 = v * and y 1 lies on e 1 . Then, using the notation and reasoning as in case (1) above, we would have ρ(w 2 , y 1 ) = ρ(y 1 , w 1 ) = ρ(w 1 , v * ) = r 1 /3. But then y 2 would not be the centroid of S 2 because r 1 > 128(r 2 + r 3 ). So it is impossible that y 2 = v * and y 1 lies on e 1 .
The next case is when y 1 lies on e 1 , y 2 lies on e 3 and the point w 1 at the intersection of the boundaries of S 1 and S 2 lies in e 1 . Since r 2 ≥ r 3 , y 2 cannot be the centroid of S 2 so this observation eliminates this case.
Suppose that y 1 lies on e 1 , y 2 lies on e 2 and the point w 1 at the intersection of the boundaries of S 1 and S 2 lies in e 1 . By Corollary 4.7, the arms emanating from y 1 move at constant speeds. Just like in case (1), we see that they move at the same speed, say, z 1 . By Lemma 4.5, the arm of f moving from v * towards w 1 also has the speed z 1 . By Theorem 4.6 (vii), the speed of the arm moving along e 2 towards v * must be greater than or equal to z 1 . By the same theorem, the speed of the arm moving along e 2 towards the vertex (say, w 3 ) at the other end of e 2 must be also z 1 or greater. Multiplying the speeds by time intervals, we obtain the following inequality, ρ(w 2 , y 1 ) + ρ(y 1 , w 1 ) ≤ ρ(w 1 , v * ) + ρ(v * , y 2 ) + ρ(y 2 , w 3 ).
Since y 2 is the centroid of S 2 , we must have ρ(w 1 , v * ) ≤ ρ(y 2 , w 3 ) ≤ ρ(v * , w 3 ) = r 2 . It follows that r 1 − r 2 = ρ(w 2 , y 1 ) + ρ(y 1 , w 1 ) + ρ(w 1 , v * ) − r 2 ≤ ρ(w 2 , y 1 ) + ρ(y 1 , w 1 ) ≤ ρ(w 1 , v * ) + ρ(v * , y 2 ) + ρ(y 2 , w 3 ) ≤ 2r 2 .
Hence, r 1 ≤ 3r 2 , which is impossible in view of the assumption that r 1 > 128(r 2 + r 3 ).
The next case to be eliminated is when y 1 lies on e 1 , y 2 lies on e 2 and the point w 1 at the intersection of the boundaries of S 1 and S 2 lies in e 2 .
It is easy to see that k(f ) = 2 in this case. We will specify the edges where the functions x = −(ζ/64) log(1/256).
Recall that the function z → −z log z attains its maximum on (0, 1) at z = 1/e. The interval f ([t 1 , t 2 ]) ∩ e 1 cannot be longer than the combined length of edges e 2 and e 3 because y 1 is the centroid of S 1 . Hence, t 2 − t 1 ≤ 2(r 2 + r 3 ). We obtain − (t 2 − t 1 )z 2 4 log z 2 4 − (t 2 − t 1 )z 2 5 log z 2 5 m22.4 m22.4 (5.14)
≤ −(t 2 − t 1 )(1/e) log(1/e) − (t 2 − t 1 )(1/e) log(1/e) ≤ (2/e)(r 2 + r 3 ).
Combining (5.11)-(5.14) yields β(f ) ≤ −ρ(y 1 , w 2 ) log(r 1 /(2ζ)) − ρ(y 1 , v * ) log(r 1 /(2ζ)) m22.5 m22.5 (5.15) − (ζ/2) log(1/8) − (1/2)(r 2 + r 3 ) log(1/8) = −r 1 log(r 1 /(2ζ)) − (ζ/64) log(1/256) + (2/e)(r 2 + r 3 ).
We have −r 1 log(r 1 /(2ζ)) = −r 1 log(r 1 /(2(r 1 + r 2 + r 3 ))) ≤ −r 1 log(r 1 /(2(r 1 + r 1 /128))) m22.10 m22.10 (5.16) = −r 1 log(64/129) ≤ −r 1 (5/4) log(1/2), −(ζ/64) log(1/256) ≤ −(2r 1 /64)8 log(1/2) = −r 1 (1/4) log(1/2), m22.11 m22.11 (5.17) (2/e)(r 2 + r 3 ) ≤ (2/e)(r 1 /128) ≤ −r 1 (1/(64e)) log(1/2). m22.12 m22.12 (5.18) It follows from (5.15)-(5.18) that β(f ) ≤ −r 1 (7/4) log(1/2). m22.13 m22.13 (5.19)
We will consider an alternative flooding that does not posses properties listed in Theorem 4.6 (and so it is not in F 2 * ) but nevertheless has a higher value of β. Let w 4 and w 5 be points on e 1 , at the distance r 1 /4 from each end of this edge. Let g be the flooding with sources w 4 and w 5 , such that z . In other words, the four arms emanating from w 4 and w 5 move at the identical speeds and completely fill e 1 after time r 1 . Hence, t 1 = r 1 . The remaining part of g, after time t 2 , is defined arbitrarily. We have, using (5.19), β(g) ≥ − 4 j=1 (t 1 − t 0 )z 1 j log z 1 j = −r 1 log(1/4) = −r 1 2 log(1/2) > β(f ).
We have thus eliminated the case when y 1 lies on e 1 , y 2 lies on e 2 and the point w 1 at the intersection of the boundaries of S 1 and S 2 lies in e 2 .
The final case to consider is when y 1 lies on e 1 , y 2 lies on e 3 and w 1 ∈ e 3 . This case can be dealt with exactly in the same way as the case when y 1 ∈ e 1 , y 2 ∈ e 2 and w 1 ∈ e 2 .
We conclude that if r 1 > 128(r 2 + r 3 ) then y 1 and y 2 lie in the interior of the edge e 1 .
(3) Suppose that r 3 ≤ r 2 ≤ r 1 , r 2 > r 1 /3 + r 3 and r 1 > r 3 /3 + r 2 . For example, we could take r 3 = 2/5, r 2 = 5/6 and r 1 = 1. We will show that y 1 and y 2 must belong to the interiors of two different edges.
Suppose that y 1 and y 2 belong to e 1 . Assume without loss of generality that y 2 = v * or y 2 lies between y 1 and v * . Then the argument used in case (1) shows that ρ(w 2 , y 1 ) = ρ(y 1 , w 1 ) = ρ(w 1 , y 2 ). These quantities are less than or equal to r 1 /3 so y 2 cannot be the centroid of S 2 , since we assumed that r 2 > r 1 /3 + r 3 . Thus y 1 and y 2 cannot belong to e 1 simultaneously.
We can eliminate the possibility that y 1 and y 2 belong to e 3 in the analogous way, using the assumption that r 1 > r 3 /3 + r 2 .
The assumptions that r 3 ≤ r 2 ≤ r 1 and r 2 > r 1 /3 + r 3 imply that r 1 > r 2 /3 + r 3 . This and a reasoning similar to the one employed earlier show that y 1 and y 2 cannot belong to e 2 at the same time.
We conclude that y 1 and y 2 belong to the interiors of two different edges.
Example 5.6. Let the Cartesian product of path (linear) graphs with m and n vertices be denoted G m,n . Suppose without loss of generality that m ≥ n, let S be the metric graph corresponding to G m,n with all edges of length 1, and consider a flooding f ∈ F 1 * of S. According to Theorem 4.6 (v), f (t) does not contain loops for any t < ζ. So if t < ζ then for every 1 × 1 square in G m,n , some part of the boundary of the square with positive length does not intersect f (t). We will call a vertex internal if it has degree 4. The number of non-internal vertices is bounded by 4m. Suppose that 32m < t < ζ and f ∈ F 1 * . If for an edge e we have f (t) ∩ e = ∅ then we choose arbitrarily one of the endpoints of e that belongs to f (t) ∩ e and we call it v e . If f (t) ∩ e = ∅ then we choose v e in an arbitrary way. Let µ(v) be the sum of the lengths of f (t) ∩ e over all e such that v = v e . Note that µ(v) ≤ 4 for all v. Since the total length of line segments comprising f (t) is t, it follows that the number of vertices with µ(v) > 0 is greater than or equal to t/4 > 32m/4 = 8m. It follows that the number N 1 of internal vertices with µ(v) > 0 is at least t/4 − 4m > t/8. Let Q v be the 1 × 1 square such that v is the northwest corner of Q v . If µ(v) > 0 then the boundary of Q v cannot be totally contained in f (t) or its complement. Hence the boundary of Q v contains at least two leaves of f (t). Each of the two leaves can belong to the boundary of at most four squares so the number of leaves of f (t) is at least N 1 /2. This implies that that the number of leaves of f (t) is bounded below by t/16 for 32m < t < ζ.
If f (t) ∩ e is non-empty and strictly smaller than e then we will call e incomplete. If f (t) ∩ e = e then we will call e complete. We will say that e 1 is an offspring of e 2 if e 1 is incomplete, e 2 is complete and the two edges share an endpoint. There are at most four incomplete edges without a parent. Every parent has at most 6 children. The sum of the lengths of all complete edges is at most f (t). The number of leaves is equal to the number of incomplete edges and so it is bounded by 6f (t) + 4.
We conclude that the number of leaves of f (t) is in the range [t/16, 6t + 4] for 32m < t < ζ. This claim agrees with Theorem 4.2 in [BP16] at the intuitive level.
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